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IZVLECEK

Deformacijska analiza je kompleksen postopek, kjer na
podlagi vsaj dveh periodicnih izmer odkrivamo in doloéamo
prostorske premike tock v obravnavani geodetski mreZi.
S tem ugotavljamo premike in deformacije grajenega in
naravnega okolja. V clanku je obravnavana kvadratna
metoda M, ki je nadgradnja metode najveijega verjetja.
Izpeljane so enacbe kvadratne metode M .. Podan je
prikaz metode na testnem primeru 2D geodetske mreze po
izpeljanih enacbah, dodatno je na istem testnem primeru
izvedena Se primerjalna analiza z rezultati drugih
postopkov deformacijske analize. Rezultati kvadratne
metode M, se nekoliko razlikujejo od simuliranih, najvecja
razglika na tockah, ki so se premaknile, je 11,5 mm, na
tockah, ki so pri miru, pa 10,4 mm, kar so zadovoljivi
rezultati. Ugotavijamo, da kvadratna metoda M, vrne
rezultate, primerljive drugim metodam, zato ocenjujemo,
da je uporabna za deformacijsko analizo in je lahko eden
od postopkov deformacijske analize.
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ABSTRACT

Deformation analysis is a complex procedure where, based
on several periodic geodetic measurements, displacements of
points in the geodetic network are detected and determined.

On this basis, movements and deformations of the built and
natural environment are detected. The article discusses the
Squared M, estimation, an extension of the maximum

likelihood method, which is one of the procedures used in

deformation analysis. The equations of the Squared M,
estimation are derived and the method is presented on 2D
geodetic network case study. The effectiveness of the presented
method. is compared with the results of other deformation

analysis approaches performed with the same numerical
example. The results obtained using the Squared M,
estimation slightly differ from the simulated values, with the
maximum discrepancy being 11.5 mm at unstable points
and 10.4 mm at stable points, which are satisfactory results.
The findings indicate that the Squared M, estimation
provides results comparable to other methods. Therefore, it
is considered suitable for deformation analysis and can be

regarded as one of the applicable procedures in this field.
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1 INTRODUCTION

Deformation analysis is based on the periodic measurement of geodetic monitoring networks, to detect
and determine changes in the spatial position of points connected to geodetic networks, and thus the
geometrical changes of built structures (hydroelectric power plants, chimneys, bridges, etc.), the envi-
ronment and natural objects (landslides, rock/soil landfills, etc.). The reference points determine the
geodetic datum of the network, which is theoretically defined as the smallest number of given quantities
needed to determine the coordinates of the geodetic point in the selected coordinate system. They are
used to define the position, orientation and scale of the geodetic network (Pleterski, 2022). Problems in
the interpretation of the results may arise in case of incorrect assumptions about the stability of reference
points of the geodetic network. In practical applications, we aim to position reference points on a stable
region, outside the influence zone of the deformable object under study, in order to ensure their stability
and immobility throughout the duration of the analysis. Equally important is the appropriate geometrical
configuration, which enables the optimal distribution of errors in the geodetic network. Control points
are usually permanently stabilized on the studied object. Their locations are determined in collaboration
with experts from other fields. Based on the determined movement trajectories of the control points,

it is possible to conclude what is happening with the studied object and to warn of potential dangers.

In geodetic practice, deformation analysis methods are often considered too difficult due to their com-
plexity and mathematical background, so the method of determining the displacement of object points is
simplified. Therefore, the test is often used to determine the statistical characteristic of the displacement
as the ratio between the displacement and the corresponding accuracy of the point displacement. Usu-
ally, the obtained value of the test is compared with a factor of 3.5 or more, which represents a rough
estimate (SavSek-Safi¢ et al., 2003). Several deformation analysis approaches are known in geodesy:
Hanover, Delft, Karlsruhe, etc. (Mihailovi¢ and Aleksi¢, 1994). The essence of such approaches lies in
assessing the statistical significance of displacement based on multiple periodic measurements, under
the assumptions regarding the actual risk of rejecting the null hypothesis and the associated distribution
function of the chosen test statistic. Different approaches do not provide a unique solution, as they rely
on different test statistics. In this paper, we discuss the Squared M, estimation approach on a selected
test case and evaluate the results through a comparative analysis with the outcomes of other deformation
analysis methods. Since we were unable to obtain convincing results for the 2D geodetic network by
strictly following the procedures outlined in the Wisniewski (2009b, 2009¢), we had to slightly rearrange
the equations and apply appropriate initial values. In this paper, we present the procedure along with
the adjustments we had to make. The primary objective of this paper is to compare the results obtained
using the Squared M, estimation with those from other deformation analysis procedures, following a

slightly modified set of equations described in the subsequent sections.

"The Squared M, estimation has already been applied in deformation analysis by various authors, primarily
in one-dimensional (1D) leveling networks (Duchnowski and Wisniewski, 2011, 2012; Duchnowski and
Wyszkowska, 2022; Wisniewski, 2009b, 2009¢, 2010; Wisniewski, Duchnowski and Dumalski, 2019;
Wisniewski and Zienkiewicz, 2016, 2020, 2021; Wyszkowska and Duchnowski, 2019, 2020; Zienkie-
wicz, 2015, 2019, 2022; Zienkiewicz and Baryla, 2015; Zienkiewicz and Dabrowski, 2023; Zienkiewicz,
Hejbudzka and Dumalski, 2017). Some researchers have also utilized the Squared M. ol estimation for
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the deformation analysis of two-dimensional (2D) geodetic networks. For example, Zienkiewicz (2019)

presented the problem of robustness of the proposed calculation strategy against gross errors occurring
in the observations. Duchnowski and Wyszkowska (2022) analysed unstable object points during meas-
urements — deformation analysis based on pseudo epoch approach. Novel (2019) applied the Squared
M i) S-transformation of control network deformations).

2 SQUARED M, ESTIMATION

The estimation of point displacements by the Squared M, estimation is an extension of the maximum

/IRANI CLANKI | PEER-REVIEWED ARTICLES

L

likelihood method. The Squared M. i €STimation assumes that a classical functional model can be divided
into g competitive models (Wisniewski, 2009a, 2009b, 2010). Observations in each individual model

RECEN

thus represent a set of random variables (parameters), which may differ from one another. In our applica-
tion of Squared M it estimation, there is an assumption of the split of the classical functional model into
two competitive functional models. The mentioned feature is also considered when solving individual
geodetic problems in the field of robust transformation, deformation analysis and robust parameter
estimation (Wisniewski, Duchnowski and Dumalski, 2019). Wiéniewski (2009a, 2009b, 2010) has
shown that the Squared M, estimation is an alternative approach to robust methods. The approach is
used both in leveling geodetic networks and in horizontal geodetic networks.

EN

In the presented test case, we consider a horizontal geodetic network. The equations in our study are
taken from already published Wisniewski, Duchnowski and Dumalski (2019); Wisniewski (2009a,
2009b, 2010); Wyszkowska and Duchnowski (2020).

The measurements and unknowns are related by mathematical relationships, which are generally non-
linear (e.g., Ghilani, 2010, p. 189-195; Leick, 1980, p. 51-68; Leick, Rapoport and Tatarnikov, 2015,
p- 17-31; Ogundare, 2019, p. 179-191):

)A'Zf(;i)ory—v:f(xo-l-x), (1)
where:

y ... vector of adjusted observations,

M

... vector of adjusted parameters,
f()... nonlinear mathematical functions,
y ... vector of observations,

v ... vector of residuals,

X, ... vector of approximate values of the parameters,

x ... vector of parameters.

It should be noted that in Equation (1), we have intentionally written the difference on the left-hand
side to ensure consistency with the derived equations of the Squared M, estimation. In the literature
(e.g., Ghilani, 2010; Leick, 1980; Leick, Rapoport and Tatarnikov, 2015; Ogundare, 2019), the sum is
typically written on the left-hand side of Equation (1).
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By expanding the nonlinear Equation (1) into a Taylor series around the approximate values of unknowns

x,, we obtain a linearized form of Equation (1):

xorf =Ax+v, ()

Xo

0
y—v =i+ L

where:

f(x,) =y, ... vector of the value of the observations as computed from the approximate parameters x,

... design matrix, matrix of known coefficients,

Xo

A
Ox

f=y-fx,)=y-y, ... misclosure vector — the discrepancy between the observations y and value of

the observations y,, as computed from the approximate parameters x.

The considered approach divides the basic Equation (2) into ¢ parts, Equation (3), where g is the number
of observation sets (in previous studies: Wisniewski, Duchnowski and Dumalski, 2019; Wisniewski,
2009a, 2009b, 2010; Wyszkowska and Duchnowski, 2020, vector of observations is denoted as vy,
whereas in our study, based on Equation (2), we denote the vector of observations f, which is valid up
to Equation (59)):

i f=Ax +v,
f=Ax+v—PI : ) 3)
f=Ax .V,
For ease of discussion, it is assumed that there are two groups of field observations (measurement epochs),
which are denoted by a (1% epoch set) and B (2™ epoch set). The Equation (3) thus becomes:

f=Ax +v, 4

f=Ax,+v,
With the considered approach, it is necessary to calculate the estimated parameters x, and x; in each
iteration for each measurement in the vector of deviations £, as well as the corresponding corrections v
v_and Ve for which the function is treated in the form (Wisniewski, Duchnowski and Dumalski, 2019;

Wisniewski, 2009a, 2009b, 2010; Wyszkowska and Duchnowski, 2020):

min(o(f;xa,xﬁ):(p(f;f(a,f(ﬁ), 5)

Xq X

where:

N(fSXq’Xﬂ) = Z; o (fisxa) B(fi;xﬁ) = [pa (f;xa)]T P (f;xﬁ) ©)

and 7= 1,...,n, where # is the number of measurements in all epochs combined.

If the functions p_(y; x ) and pﬁ(yl_; XB) are convex and their second-order derivatives exist, Newton's
method can be used to solve the problem of Equation (5) (Teunissen, 1990; Wisniewski, 2009a, 2009b).
The parameters x_ and ;‘B are the solutions of the considered method when the gradient of the Equation
(6) is equal to zero, i.e. (Wisniewski, Duchnowski and Dumalski, 2019; Wisniewski, 2009a, 2009b):
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0
g, (x,,x XB_XB =6X—a¢)(f;xa,xﬁ)=0and 7)
8 (X, Xp)| xa=ke =i(p(f;x ,x) =0. (8)
* =ty OXp *
The partial derivatives in Equations (7) and (8) can be written as (Wisniewski, 2009a, 2010):
T
0 ov, 0 ov, 9Py V1,) 9Py (V)
ax_a(ﬂ(fixu’xﬁ) ax_aﬁva o(f; Xq’xﬁ) { ﬁ( IB) Vm] ,---,PB(VnB)W} and (9)
T
o ov, 0 ovy, ops (Vi) 0Py (V)
—ofx,,x5)=——of;x,,x;) =— [ L (Vi) e PV )—— | . (10)
ox, Ox, Ovy ox, vy, Vg
In Equations (9) and (10), the elements in the vector can be simplified as follows (Wisniewski, 2009a):
p.(F5%,) N[, (%) P (5% [PaWi)sos P )] pu(v,) and (11)
A (E:x) N2 fixp)eon 2 (Fix) ] [2a0p)ee )] uvy). (12)

Next, the terms p_(v,) and pﬁ(vﬁ) from Equations (11) and (12) are converted into a diagonal matrix
(Widniewski, 2009a, 2010):

diag{pa (v, )} = diag{pa WVig)se s Py Voo )} and (13)
diag{p, (vy)} = diag{ o, (v}y);.... 2y (v,)}. (14)
In addition, the following applies (Wisniewski, 2009a, 2010):
T
apa(vla)"“’apa(vna) =6pa(va)=v ( 0[)and (15)
ovy, ov,, ov,
o) o) | 0B _ g (v ae)
vy, oV, ovy
- % (f_Ax,)=-A" and (17)
o axot
b= O f A, v (18)
ox, 0x,

The gradients ga(;(a, ;‘B) and gﬁ()}a, ;(B) in Equations (7) and (8) are expressed by considering Equations
(13) — (18) (Wisniewski, 2009a, 2009b, 2010):

8, (X,,%;) Naxi¢(f; X,,Xg) ATdiag{pﬁ(vB)}gMa(vu)and (19)

gB(xa’XB) Né‘i o(f; xa,xﬁ) ATdiag{pa(va)}gMB(vB). (20)

Since this is the Squared M i EStimation, Equations (11) and (12) should be reformulated accordingly
(Widniewski, 2009b, 2010):
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p.(fix,)=p,V,)) =V, — diag{pa(va)}=diag{vm,...,vw}zwﬁ(va)and 1)
Py (f3%5) = py(vg) =vy > diag{p,(v,)} =diag{v,p,....v,0} = w,(vy), (22)
" e Ol)=2[Vm,...,vm]T:2 , and (23)
(D=2 ] =2 4 (24)

Based on Equations (21) — (24), the gradients g (x , XB) and gﬁ(xa, XB) are written in the final form
(Wiéniewski, 2009a, 2009b, 2010):

g, (x,x;) = —A"diag{p, (vy)} g, (v,) = —2A"w, (v, )v, and (25)

gs(x,,x4) = —ATdiag {p'JL (v, )} gp(vy) = —ZATWB (v, )vg. (20)
Newton’s method is one of the iterative methods used to approximate roots (or zeros) of a real-valued function.
Newton developed a method of solving a nonlinear equation from the secant method and the finite differences
method, and Raphson then simplified it and wrote it in the form that is known today. Therefore, the method
is called Newton's or Newton-Raphson's. Simpson adapted the algorithm a few years later to solve a system of
nonlinear equations (Mo¢nik, 2022). The goal of the method is to calculate a series of approximations from the
initial guess using an iteration process, which has the zero of the function as a limit. It must be understood that
the choice of the initial estimate of the root is crucial because the method will diverge if the initial value is chosen
inappropriately. In the case of a good approximation, it will converge to a certain zero, although we have no control
over which zero the method will converge to. Newton's method can be iteratively written as (Mo¢nik, 2022):

= ' 01,... 27)

)
j

The method can also be derived analytically. We can approximate the function f* by a Taylor series at

the approximation x:

f(xj.+/7):f(xj)+f’(xj)b+%f”(xj)h2+... (28)

If we transfer a function of one variable into a multivariable function, the linear part of the Taylor series
takes the form

FlxNp) f(x) J(x)h (29)

where x; and / are vectors with the dimension 7 x 1, and J is the Jacobian matrix of the mapping f.

Newton's method for the multidimensional case therefore has a rule

_ -1
X =%;—J (xf)f(x/)' (30)
The Jacobian matrix represents a matrix that consists of first order partial derivatives. To solve the problem,

we need the Hessian matrix, a square matrix of second-order partial derivatives. It holds that the Jacobian
matrix of the gradient of the function £, denoted by V/; is equal to the Hessian matrix:

H(x) = J(V/). 31)
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In the case of the Squared M, estimation the Jacobian matrix is represented by the gradient of the Equa-

tion (7) and (8). The Hesse matrix is thus obtained by extracting the Equation (6) twice, or extracting
the gradient of the Equation (7) and (8) (Wisniewski, 2009a, 2009b, 2010):

- T _9 d (32)

a(xu’xﬁ) - o Na T (0( > XQ)XB) = a_Tg“(x'l’XB) an
B ol P 0

HB(XQ,XB)—W(D( ;XQ,XB)—a—ng(XQ,XB). (33)
According to Equation (19) and (20), we have (Wisniewski, 2009a, 2009b, 2010):

%ga(xa,xﬁ) = —ATdiag{pﬁ(vﬁ)}%?—“ and (34)

0 . 0" )0

av—;\\gﬁ(xq,xﬁ):—Aleag{pa(va)}a—a—, (35)
where:

1%

ggva—(;’“) =H,,(v,)and (36)

0gp (V)

L v (37)

M B
vy

ov, 0 .

aXT = axT (f_AXDL)=_A (38)

ov 0

B
— = f-Ax, )=-A. 39

According to Equations (32) — (39), we transform the Hessian matrix into (Wisniewski, 2009a, 2009b):

0 ov
Ha(xa’xﬁ) _ —ATdiag{Pﬁ(vB)}ggva—(Tva)ax_% = ATdiag{Pﬁ(Vﬁ )}HMDL (v,)A and (40)
0, )0

H, (xa,xﬁ) = ATdiag{pOL (v, )}

—_— A'diag{p, (v, )} H,;(vy)A. (41)
vy 0xg
From Equations (23) and (24), the following can be concluded (Wisniewski, 2009a, 2009b):

— agMa (va) — a(zva) —

T o) T P 2 and (42)
, Nl )2 )
e (43)

where I is an identity matrix.

The final form of the Hessian matrix is (Wisniewski, 2009a, 2009b, 2010):
H,(x,,x;)= ATdiag{pﬁ(vB )}HMa (v,)A = 2ATwa (vg)A=H,(x;)and (44)
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HB(xa,xB)NATdiag{pa(va)}HMB(vﬁ)A 2ATwﬁ(va)A H(x, ). (45)

Based on the equations and derivations presented so far and considering Equation (30), we can proceed to
the final solution of the Squared M i estimation, or to the iterative computational procedure (Wisniewski,
2009a, 2009b, 2010; Wyszkowska and Duchnowski, 2020):

“w= '+A ;j=1...,kand (46)
N T s Lok (47)
where:

k ... number of iterations,
j 1 1 1 1
N {H (7)) g (0 x )

:_{ « (x5 )} (a’xﬁ)

{Aleag{ 1 } A}il ATdiag{g} (v{{1 )} -39 (v{;1 ) (48)
= {ATwa } 2v !
Z{ATW }IAW ! val,
Wa( ) dl:alg{(vlﬁ )2 ( ) } (49)
v/ =f - Ax/ and (50)

é {HB (xé,xf;l )} g (xm,xé 1)

= _{HB (Xt; )}71 8 (Xa’xﬁfl)

= (A"diagp, (v1 )| H,y (i) A} A"dingp, (v2)} gy (v1) (1)
={A wy (v.)2A) A w,(v,)2v,
= (A wy (vo)A} A wy(v)vy s
wy (v,) = diag{ (v, ) oo () - (52)
= f - Ax]. (53)
Squared M, estimation is an iterative process for solving a optimization problem. The initial values

of the parameters x? and v?, can be selected from the results computed using the Least Squares Method

(LSM):

% =(ATA) ATE, (54)
Vign =f— ATXLSM (55)
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In the initial step, we assume (Wisniewski, 2009b, 2010):
o _a . (56)

o

vg =v. , (57)

and compute:

/IRANI CLANKI | PEER-REVIEWED ARTICLES

X=X H{A W (Vi)A] A w (Vig)f" (58)
0 _ 0

v, =f - Ax, (59)
where: o=

Wy (Visu) = diag{‘/\,lzLSM""’e’zLSM}‘ 60) =
All further iteration steps are calculated according to Equations (46) and (47). The stopping criterion for the
iterative procedure is the convergence of the solution. The process terminates when the norms of the correc-
tion vectors for the approximate coordinates become sufficiently small (Wyszkowska and Duchnowski, 2020):

A 61)

Jaxi] < 2. ©@ =

where ¢ is the chosen threshold for terminating the iterative process.

x*and xé, which are obtained from the last iteration step 4, are therefore the final solution of the Sguared
M, estimation. Finally, we can obtain the displacement of a single point in the considered geodetic
network as:

v:(A/g_Ai)' (63)

The problem with this approach compared to other deformation analysis procedures is that it does not
deal with a statistical test based on which we can define whether the movement is statistically significant
or not. The result of the approach is only the magnitude of the point displacement. Therefore, the success
in the interpretation of the results depends on the knowledge provided by geodetic experts.

3 CASE STUDY

We would like to demonstrate the effectiveness of the Squared M. it estimation using an example from

the literature (Mihailovi¢ and Aleksié, 1994).

The simulated geodetic network (Figure 1) consists of 7 points and observed 24 horizontal directions
and 24 distances. We choose o, = 1" as the value of a-priori variance for angular observations, and the
value of a-priori variance for distances is 6,= 5 mm. For both successive measurements o (1st epoch)
and B (2nd epoch) the observation plan is the same. Other deformation analysis methods have also been
applied to the same example of a relative geodetic network:

— Hannover (developed by H. Pelzer — Pelzer, 1971; Ambrozi¢, 2001),
— Karlsruhe (developed by K.R. Koch, B. Heck, E. Kuntz and B. Meier-Hirmer — Heck, Kuntz in
Meier-Hirmer, 1977; Ambrozié, 2004),
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— Delft (developed by J. van Mierlo and J.J. Kok — Heck et al., 1982; Marjeti¢, Zemljak in Ambrozic,
2013),

— Fredericton (developed by A. Chrzanowski, Y.Q. Chen and J.M Secord — Chen, Chrzanowski and
Secord, 1990; Vre¢ko and Ambrozi¢, 2013),

— Miinchen (developed by W. Welsch — Welsch, 1982; Soldo and Ambrozi¢, 2018),

— Robust methods (iterative weight adaption developed by Y.Q. Chen — Chen, 1983; AmbrozZi¢ et
al., 2019),

— Caspary deformation analysis (developed by W.E Caspary — Caspary, 2000; Hamza, Stopar and
Ambrozi¢, 2020).

5

2500 4

2000

3

=) 6
% 1500 -

1000 | i )

500 1 L L 1 L il
500 1000 1500 2000 2500 3000

y [m]

Figure 1: Geodetic network

Based on the derived equations of the Squared M, estimation in Section 2, the input data for the calculation

include the coefficient matrix A of the adjustment equations and the deviation vector f, see Equation (2).

Since we are dealing with two term epoch measurements, the matrix A and vector f must contain ele-
ments related to, for example, the directions and then the distances of the first epoch, followed by the
elements related to the directions and then the distances of the second epoch. The elements of the matrix
A and vector f for the measured direction are calculated, for instance, using Equations 7.51 and 7.52
(Mihailovi¢, 1981, p. 313):

vri = dﬂ'xr + bﬂ'-yr + ﬂir xi + bir-yi + Zr +f;i’ (64)
si7nzn cosn
— ri _ ri — — .
a,; = b, = o4 = a,,b, =—b,...clementsof the matrix A,
7i ri

x,),X,yand z_... corrections to approximate values of coordinates of points 7 and 7 and corrections

to orientation angle on point 7,
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f,=n,+2z)—a_ ... misclosure value,

7i 7i r

7 ... approximate direction angle between points 7 and 7,

ri

Z"... approximate orientation angle on point 7,

'

a, ... measured direction from 7 towards 7,

S° ... approximate distance between 7and 7, calculated from the approximate coordinates of points 7and 7.

i

Elements of matrix A and vector f, for the measured distance, are computed using Equations 8.37

(Mihailovi¢, 1981, p. 408):
vri = drixr + b?’i-yr + ﬂir xi + bir-)/i +ﬁi’ (65)
a,=cosn,b =sinn,a =-a,b =—b ... elementsof the matrix A,
f,=8%=S ... misclosure value,
S . ... measured distance between 7 and i.

Of course, elements related to the orientation unknowns must be eliminated from the Equation (2),
for example, using Gaussian elimination. Since 2D geodetic networks involve different types of meas-
urements (directions and distances), which generally have varying levels of accuracy, we must account
for weights in the Squared M, estimation equations (Zienkiewicz, Hejbudzka and Dumalski, 2017;
Zienkiewicz and Baryla, 2015), or use equivalent Equations (2), or homogenize the coefficient matrix

A and the deviation vector f, for instance, by applying Schreiber’s third rule.

The corrections of the approximate values of the coordinate unknowns x’ in the initial iteration of the
parameter estimation process X, and ;cﬁ of the Squared M, estimation are calculated using the Least Squares
Method ;{LSM according to Equation (56), and are presented in Table 1. It should be noted that these values
are not the same as those listed in Table 2 in Ambrozi¢ (2001). The values calculated here are obtained
from the adjustment of both epochs simultaneously, whereas the values in Table 2 in Ambrozi¢ (2001)
were obtained from the adjustment of each epoch separately. According to Equation (58), the corrections

0

for the approximate values of the coordinate unknowns x; are also calculated and presented in Table 1.

Table 1:  Corrections of the approximate values of the coordinate unknowns x? and xg [m]in the initial iteration.

Poin x’ =x,,, using (56) x} using (58)

x{ for y, x? for x, X for y, x; for x,
1 ~0.0083 ~0.0216 ~0.0182 - 0.0417
2 ~0.0142 0.0267 ~0.0311 0.0553
3 0.0143 -0.0193 0.0305 ~0.0379
4 - 0.0004 0.0045 0.0012 0.0098
5 - 0.0048 - 0.0047 ~0.0104 -0.0123
6 ~0.0009 ~0.0073 ~0.0024 ~0.0165
7 0.0143 0.0218 0.0304 0.0435

In the initial iteration, we calculate the corrections of the measurements v = v, Equation (57) and

vg =f- Axg, using Equation (59).
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The calculation of the parameters x, and ;‘B using the Squared M. i €Stimation continues with the iterative
procedure as described in Equations (46) to (53). The results for x/ are presented in Table 2, and the
results for x/ are presented in Table 3. The iterative procedure is terminated when the conditions (59)
and (60) are met. The threshold for stopping the iterative process was chosen at &= 0.001. The condi-

tions for terminating the iterative process were satisfied after the 8th iteration.

Table 2:  Corrections of the approximate values of the coordinate unknowns x/ [mm].

Coordinate  x{ = iLSM x! x x x! x x x x
% -83 -37 -5.0 -5.0 -5.0 -49 -4.9 -49 -49
X, -21.6 -1.5 -0.3 0.0 0.3 0.7 1.0 1.0 1.0
7, - 14.2 -0.2 0.1 0.1 -0.0 -0.1 -0.1 -0.1 -0.1
X, 26.7 2.1 2.3 2.4 2.6 2.7 2.7 2.7 2.7
7 14.3 3.2 4.0 4.4 4.9 5.6 5.9 6.0 6.0
X, -19.3 - 1.0 -1.0 -1.2 -1.5 -1.9 -2.1 -2.1 -2.1
Y4 - 0.4 1.3 2.0 2.5 3.1 4.0 4.5 4.5 4.5
X, 4.5 2.9 2.5 2.4 2.1 1.8 1.7 1.7 1.7
Js -4.8 1.2 -0.2 -13 -2.5 - 4.4 -5.6 -5.8 -5.8
X -4.7 -0.2 -0.8 -1.0 -1.1 -1.5 -1.9 -2.0 -2.0
Y -0.9 -33 -23 -2.2 -22 -2.0 -19 -1.8 -1.8
X -73 -29 -3.4 -3.4 -3.4 -33 -3.0 -29 -29
¥, 14.3 1.4 1.5 1.6 1.6 1.8 2.0 2.1 2.1
X, 21.8 0.5 0.6 0.8 1.1 1.4 1.6 1.6 1.6

Table 3:  Corrections of the approximate values of the coordinate unknowns X, [mm].

Coordinate x; x; x; x) x; x; x; x; x;
i3 -18.2 -13.3 -13.1 -13.2 -13.2 -13.3 -13.3 -13.3 -13.3
X, —41.7 —-41.2 —41.7 -41.9 —42.3 -42.6 —42.7 —42.7 —42.7
7, -31.1 -313 -30.9 -30.9 —-30.8 -30.8 —-30.8 —-30.8 —-30.8
%, 55.3 53.2 52.8 52.7 52.6 52.5 52.6 52.6 52.6
IA 30.5 26.9 26.3 259 25.3 24.8 24.8 24.8 24.8
X, —37.9 -36.9 —-36.6 -36.4 —-36.0 —35.7 -35.7 -35.7 —35.7
i 1.2 -1.2 - 1.8 -24 -3.1 -3.8 -39 -39 -39
X, 9.8 6.8 7.1 7.3 7.6 7.7 7.8 7.7 7.7
Js -10.4 -10.2 -9.7 -87 -7.1 -5.5 -5.1 -5.0 -5.0
E3 -12.3 -11.6 -12.0 -11.9 -11.6 -11.2 -10.9 -10.9 -10.9
Y -24 0.3 0.3 0.3 0.2 -0.0 -0.1 -0.1 -0.1
X -16.5 -13.2 -12.1 -11.9 -12.1 -12.4 -12.7 -12.7 -12.7
¥, 30.4 28.8 28.9 28.9 28.8 28.5 28.4 28.4 28.4
X, 43.5 42.9 42.5 422 41.9 41.7 41.7 41.7 41.7

Tables 2 and 3 indicate that the corrections of the approximate values of unknown parameters changed
the most in the first iteration. The gradients for individual coordinates also underwent the most signifi-
cant changes during this first iteration and approached zero in the eighth iteration. However, they did
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not reach exactly zero due to the conditions imposed by Equations (61) and (62). The changes in the

v
[
corrections of the approximate values of unknown parameters are further illustrated in Figure 2, where g
the values ¥/, were adjusted by subtracting x, and the values x| were adjusted by subtracting x;. =
o o B Q
=
o
. 8 =
X - Xy &
o
30 E
=
20 =
—
—
€ 10 =
e =
£ . =
© & 0 ‘C‘j
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Figure 2:  Changes in corrections of approximate values of unknown parameters across iterations
Finally, we calculate the displacement of a single point in the considered 2D geodetic network according
to Equation (61), the results are shown in Table 4.
4 COMPARISON WITH THE RESULTS OF OTHER APPROCHES
Table 4 shows a comparison of the results of the Squared M it estimation and the results of the Hannover,
Karlsruhe, Delft, Fredericton, Miinchen and Caspary approaches. Compared to the other approaches,
minor differences in the results of the obtained displacements are observed.
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Table 4:  Simulated point displacements and deformation analysis results of the Hannover, Karlsruhe, Delft, Fredericton,
Munchen, Caspary and Squared I\/ISpm estimation approaches.

Point 1 2 3 4 5 6 7

9 a’y [mm)] -20.0 -30.0 25.0 0.0 0.0 0.0 25.0

s d [mm] —34.6 52.0 —43.3 0.0 0.0 0.0 43.3

= A

§ d [mm] 40.0 60.0 50.0 0.0 0.0 0.0 50.0
@ v ] 210 330 150 - - - 30

dy [mm] -19.6 —38.7 20.6 —4.0 - 6.4 3.3 23.6

g d_[mm] -38.0 49.0 - 443 5.1 -7.1 -10.6 42.9

g d [mm] 428 62.4 48.9 6.5 10.0 11.1 49.0
jas) v [°] 207 322 155 322 222 163 29
Displacement yes yes yes no no no yes

a; [mm] -19.7 —38.8 20.6 - - - 23.6

< d_[mm] -38.0 49.0 - 44.4 - - - 42.9

2 d [mm] 42.8 62.5 48.9 - - - 49.0
:E v [°] 207 322 155 = - - 29
Displacement yes yes yes no no no yes

a’y [mm)] -19.4 —38.1 21.4 0.7 -0.8 0.0 24.0

- d, [mm] -37.5 49.5 -43.5 1.0 -2.3 1.3 42.9

g dy [mm] 42.2 62.5 48.5 1.2 2.4 1.3 49.2
v [°] 207 322 154 35 199 0 29
Displacement yes yes yes no no no yes

- a’y [mm] -19.6 -38.7 20.6 — - - 23.6

g a’x [mm)] -38.0 49.0 —44.3 — — - 429

;,5, d [mm] 42.8 62.5 48.9 - - - 48.9
L;-’ v [°] 207 322 155 - - - 29
Displacement yes yes yes no no no yes

dy [mm] -19.5 —38.2 21.4 0.7 -0.8 0.0 24.0

_E, d [mm] -37.6 49.5 —43.6 1.0 -22 1.4 42.9

5 d [mm] 42.4 62.5 48.6 1.2 2.3 1.4 49.2
= v ] 207 322 154 35 200 0 29
Displacement yes yes yes no no no yes

a; [mm] -19.2 —38.4 20.8 - - - 23.9

; d_[mm] -37.9 49.4 -43.9 - - - 43.1

2-' d [mm] 42.5 62.5 48.6 - - - 49.2
© v ] 207 322 154 = = - 9
Displacement yes yes yes no no no yes

a’y [mm)] -8.4 -30.8 18.8 -8.4 0.8 1.7 26.3

. dX [mm)] -43.7 49.9 -33.5 6.0 -89 -9.8 40.1

23‘ d [mm] 44.5 58.6 38.5 10.4 9.0 10.0 48.0
v [°] 191 328 151 306 175 170 33
Displacement - - - - - - -

In Table 4, we have used notation consistent with other articles where different deformation analysis meth-
ods were examined. The notation dy represents p, = (xé - xﬁ)y, Equation (63), which denotes the difference
in corrections of the approximate values of unknown parameters for a specific point, calculated in the

final iteration 4. Similarly, & _represents p_= (x[’g —x*) . The notation d represents the displacement of an
X X o’ x
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individual point, computed as * =,/ j + 2, while v represents the azimuth of the displacement direction,

given by v= atan(dy /d). The column labelled Displacement indicates whether a point is stable or unstable.

5 — Simulated
2500 - —Msplit
Hannover
Karlsruhe
Delft
2000 - Fredericton
Munchen
Caspary
g 6
» 1500 [
1000 I 2
Scale of displacements:
0 50 mm
500 L 1 1 1 1 1 I}
500 1000 1500 2000 2500 3000 3500

y [m]

Figure 3: Plot of displacements determined by different methods of deformation analysis

Table 4 and Figure 3 shows that, for four out of seven points in the geodetic network, the discrepancies between
the computed values and the simulated values are the largest when using this method, suggesting that the
method is only conditionally applicable. At point 3, this method produces the largest positional discrepancy
among all examined methods, reaching 11.5 mm. On the other hand, the Squared M, estimation produced
results fully consistent with other methods in identifying those points 1, 2, 3 and 7 exhibited significant move-

ment, while points 4, 5 and 6 showed only minor displacements, which is crucial for deformation analysis.

5 CONCLUSIONS

In this paper, we describe and discuss the capabilities of Squared M ,, estimation in 2D deformation

analysis. Unlike previous research that has focused on leveling networks, our study concentrates on the

practical application of Squared M, estimation in angular-linear horizontal geodetic networks, supported
split

by thorough theoretical and empirical analyses.

After deriving and presenting the equations underlying the Squared M, estimation, we applied the
computation to the same simulated 2D geodetic network as in deformation analyses performed using
the Hannover, Karlsruhe, Delft, Fredericton, Miinchen, and Caspary approaches.

In the Squared M, estimation, we first selected the initial values x) from the Least Squares Method
solution ;KLSM, setting x_ = ;LLSM and v = ;LSM' It was found that choosing initial values 20 times larger
(x!)=20- ;LLSM) or 1000 times smaller (x) = )A;ISM/ 1000) led to the same final result, with only the number
of iterations required to reach convergence differing. Subsequently, we computed x} and v using Equa-
tions (58) and (59). The iterative process to determine the final corrections of the approximate values
of the unknown parameters, was performed using Equations (46) through (53), yielding the final result
after eight iterations. In the eighth iteration, the differences between xi and xg as well as between X; and

xg, were below the chosen convergence threshold € = 0.001. Finally, we computed the displacements
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of individual points in the analyzed geodetic network using Equation (63) and compared the results
with those from deformation analyses performed using the Hannover, Karlsruhe, Delft, Fredericton,

Miinchen, and Caspary approaches, as well as with the simulated results.

From Table 4, we observe that the calculated displacements of the points are comparable to the simu-
lated ones. Based on the results, we can conclude that the deformation analysis using the Squared M,

estimation is suitable for determining point displacements in a 2D geodetic network.

Compared to the other listed approaches, the main limitation of the Squared M, estimation is the absence
of statistical test metrics that could determine whether a detected displacement is statistically significant.
However, the Squared M, estimation offers advantages in that it does not require prior assumptions re-
garding whether points in the network are stable or unstable. It remains a valuable additional method for

deformation analysis, particularly in challenging cases where point displacements in 2D networks are small.

In the future, we plan to test the method with more than two measurement epochs. Additionally, we intend

to apply the method to a 3D geodetic network, where height data of the points will also be analysed.
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Kvadratna metoda M,V deformacijski analizi na primeru 2D
geodetske mreze

OSNOVNE INFORMACUE O CLANKU
GLEJ STRAN 115

1 UVOD

Pri deformacijski analizi periodi¢no merimo geodetske mreze, s ¢imer odkrivamo in dolo¢amo prostorske
premike toc¢k, preko njih pa ocenjujemo premike in deformacije grajenega (hidroelektrarne, dimniki,
premostitveni objekti itd.) in naravnega okolja (plazovita obmo¢ja, odlagalis¢a kamnin/zemljin itd.).
Referen¢ne tocke dolocajo geodetski datum mreZe, ki je definiran kot najmanjse $tevilo danih koli¢in,
potrebnih za doloditev koordinat geodetskih to¢k v izbranem koordinatnem sistemu. Z njimi definira-
mo lego, orientacijo in merilo geodetske mreze (Pleterski, Kregar in Urbanci¢, 2022). Ob morebitnih
napacnih predpostavkah o stabilnosti referen¢nih tock geodetske mreze se lahko pojavijo tezave pri in-
terpretaciji rezultatov. V prakti¢nih nalogah stremimo k temu, da referen¢ne to¢ke postavimo na stabilno
podlago zunaj vplivnega obmodja obravnavanega deformabilnega objekta in tako poskusamo zagotoviti
njihovo mirovanje med izvajanjem analize. Prav tako je pomembna ustrezna geometrijska razporeditev,
ki zagotavlja optimalno razporeditev pogreskov v geodetski mrezi. Kontrolne tocke so navadno trajno
stabilizirane na preu¢evanem objektu. Njihove lokacije dolo¢imo v sodelovanju s strokovnjaki drugih
strok. Na podlagi izra¢unanih rezultatov o premikih kontrolnih to¢k lahko ugotovimo, kaj se dogaja s

preucevanim objektom, in opozorimo na morebitne nevarnosti.

V geodetski praksi so metode deformacijske analize zaradi kompleksnosti in matemati¢nega ozadja pogosto
obravnavane kot prezahtevne, zato je metoda dolocitve premikov tock poenostavljena. Tako se pogosto
uporablja test za ugotavljanje statisti¢ne znacilnosti premika kot razmerje med premikom in pripadajoco
natanc¢nostjo premika tocke. Obicajno izra¢unano vrednost testa primerjamo s faktorjem 3,5 ali ve¢, kar
je le groba ocena (Savsek-Safi¢ et al., 2003). V geodeziji poznamo ve¢ pristopov k deformacijski analizi:
Hannover, Delft, Karlsruhe itd. (Mihailovi¢ in Aleksi¢, 1994). Bistvo tovrstnih pristopov je, da na podlagi
ve¢ periodi¢nih terminskih izmer presodimo statisti¢no znacilnost premika ob predpostavkah o dejanskem
tveganju za zavrnitev nicelne hipoteze in pripadajoci porazdelitveni funkciji izbrane testne statistike. Razli¢ni
pristopi ne zagotovijo enoli¢ne resitve, saj se nanasajo na razli¢ne testne statistike. V' ¢lanku obravnavamo
pristop kvadratne metode M, na izbranem testnem primeru in rezultate ovrednotimo s primerjalno analizo z
rezultati drugih postopkov deformacijske analize. Ker nam ni uspelo pridobiti prepricljivih rezultatov za 2D
geodetsko mrezo, dobesedno slede¢ postopkom Wisniewskega (2009b, 2009¢), smo morali enacbe nekoliko
preurediti in uporabiti ustrezne zacetne vrednosti. V tem prispevku navajamo postopek s prilagoditvami, ki
smo jih morali narediti. Glavni namen ¢lanka je torej dobljene rezultate kvadratne metode M. i Primerjati z

rezultati drugih postopkov deformacijske analize po nekoliko preurejenih enacbah, opisanih v nadaljevanju.

Kvadratno metodo M, so v deformacijski analizi uporabili Ze drugi avtorji. Obravnavali so predvsem 1D
oziroma nivelmanske mreze (Duchnowski in Wisniewski, 2011, 2012; Duchnowski in Wyszkowska, 2022;
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Wisniewski, 2009b, 2009¢, 2010; Wisniewski, Duchnowski in Dumalski, 2019; Wisniewski in Zien-
kiewicz, 2016, 2020, 2021; Wyszkowska in Duchnowski, 2019, 2020; Zienkiewicz, 2015, 2019, 2022;
Zienkiewicz in Baryla, 2015; Zienkiewicz in Dabrowski, 2023; Zienkiewicz, Hejbudzka in Dumalski,
2017). Nekaj avtorjev je uporabilo kvadratno metodo M., v deformacijski analizi 2D geodetskih mrez.
Zienkiewicz (2019) predstavi problem robustnosti predlagane metode proti grobim pogreskom, ki se
pojavljajo med meritvami. Duchnowski in Wyszkowska (2022) obravnavata nestabilne tocke na objektu
z deformacijsko analizo, temeljeco na pristopu psevdo terminske izmere. Novel (2019) uporabi kvadratno
metodo M, S transformacijo v deformacijski analizi.

2 KVADRATNA METODA M__ .,
Ocena premikov tock po kvadratni metodi M, (angl. squared M )

_ estimation) pomeni nadaljnji razvoj
split

lit
metode najvecjega verjetja. Kvadratna metoda M, temelji na predpostavki, da lahko klasicen funkcijski
model razdelimo na g konkuren¢nih modelov (Wisniewski, 2009a, 2009b, 2010). Meritve v vsakem
posameznem modelu torej predstavljajo niz slu¢ajnih spremenljivk (parametrov), ki se lahko medsebojno

razlikujejo. V nasem primeru obravnavanja kvadratne metode M

it privzamemo, da klasi¢en funkcionalni

model razdelimo na dva konkuren¢na funkcionalna modela. Navedeno lastnost obravnavamo tudi pri
reevanju posameznih geodetskih problemov na podro¢ju robustne transformacije, deformacijske ana-
lize in robustne ocene parametrov (Wisniewski, Duchnowski in Dumalski, 2019). Wisniewski (2009a,
2009b, 2010) je dokazal, da je kvadratna metoda M ol alternativni pristop robustnim metodam. Pristop
lahko uporabljamo tako v nivelmanskih kot v horizontalnih geodetskih mrezah.

V obravnavanem testnem primeru obravnavamo horizontalo geodetsko mrezo. Enacbe v nasem pri-
spevku so povzete po Ze objavljenih rezultatih raziskav (Wisniewski, Duchnowski in Dumalski, 2019;
Wisniewski, 2009a, 2009b, 2010; Wyszkowska in Duchnowski, 2020).

Meritve in neznanke so med seboj povezane z matemati¢ni povezavami, ki so v splo$nem nelinearne
(npr. Ghilani, 2010, str. 189-195; Leick, 1980, str. 51-68; Leick, Rapoport in Tatarnikov, 2015, str.
17-31; Ogundare, 2019, str. 179-191):

)A'Zf(;()ory—v:f(xo—i-x), (1)
kjer so:
y ... vektor izravnanih meritev/opazovanj,
x ... vektor izravnanih vrednosti neznank,
f)... nelinearne matemati¢ne funkcije,
y ... vektor meritev/opazovanj,
v ... vektor popravkov meritev,

x, ... vekeor pribliznih vrednosti neznank,

x ... vektor popravkov pribliznih vrednosti neznank.
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Opozarjamo, da smo na levi strani enacbe (1) namenoma zapisali razliko, zato da se na$ zapis ujema z
izpeljanimi enacbami kvadratne metode M . V literaturi (npr. Ghilani, 2010; Leick, 1980; Leick, Ra-

poport in Tatarnikov, 2015; Ogundare, 2019) je na levi strani enacbe (1) vsota.

Z razvojem nelinearne enacbe (1) v Taylorjevo vrsto okrog pribliznih vrednosti neznank x_0 dobimo
linearizirano obliko enac¢be (1):

of

y—v=f(x0)+a xoz.f = Ax+v, ()

Xo

kjer so:
f(x,) =y, ... vektor vrednosti meritev, izratunanih iz pribliznih vrednosti neznank x ,

0 . . y . . .
A= i ... matrika koeficientov enacb popravkov ali tako imenovana matrika modela,

f=y-f(x)=y~-y, ... vektor odstopanj — neskladje meritev y in vrednosti merjenih koli¢in y,, ki jih

izratunamo na podlagi pribliznih vrednosti neznank x,.

Obravnavan pristop razdeli osnovno enacbo (2) na ¢ delov, pri ¢emer je g Stevilo terenskih izmer (v virih
Wisniewski, Duchnowski in Dumalski, 2019; Wisniewski, 2009a, 2009b, 2010; Wyszkowska in Duchnowski,

2020, je vektor meritev oznacen z 'y, mi smo vektor meritev, glede na (2), oznadili s f;, kar velja do enacbe (59)):

) f=Ax +v,
f=Ax+v razdelimo : . (3)

f=qu+vq

Za lazjo obravnavo bodo enacbe v nadaljevanju napisane za primer, ko obravnavamo dve terenski izmeri,

kar oznacujemo z a (1. izmera) in B (2. izmera). Enacba (3) je sedaj oblike:

f=Ax +v,

f=Ax +v, (4)

Z obravnavnim prlstopom zelimo v vsaki iteraciji za vsako odstopanje v vektorju odstopanj f izratunati
ocenjene parametre X in x ter pripadajo¢e popravke v v, in v, za kar obravnavamo funkcijo oblike
(Wisniewski, Duchnowsk1 in Dumalski, 2019; Wlsmewskl 2009a, 2009b, 2010; Wyszkowska in Du-
chnowski, 2020):

i (ix,x,) - o(f5,.5, ). g
kjer je:

T

MExox, ) =20 o (fixa) 5 (i) =[P (Fix,) ] oy (£ixy) (©)
ini=1,...,1, kjer je n $tevilo meritev v vseh terminskih izmerah skupaj.

Ce sta funkciji pu(ﬁ; x) and pﬁ(ﬁ; XB) konveksni in za njiju obstaja odvod drugega reda, uporabimo

Newtonovo metodo za refitev problema enacbe (5) (Teunissen, 1990; Wisniewski, 2009a, 2009b).
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Parametri x, in x; so resitve obravnavane metode, ko velja, da je gradient funkcije (6) enak ni¢, torej

(Wiéniewski, Duchnowski in Dumalski, 2019; Wiéniewski, 2009a, 2009b):
8o (X, Xp)| xa—ke =i§0(f;xa,xﬁ)=0in )
X<t OX,
gB(xu’XB) Xo =%y :i(p(f; xu,xB)ZO. (8)
X%  OXg
Parcialna odvoda v ena¢bah (7) in (8) lahko zapisemo tudi kot (Wisniewski, 2009a, 2010):
T
d ov, 0 ov, p,(v,) PyVia) |
ax—acﬂ(f; X,,Xp) = ox 6v_u¢(f; X, Xy) :ax—a{pﬁ(vm)Tli,...,pﬁ(vnﬁ)W in (9
T
0 aVB 0 a"ﬁ app (Vm ) apl} (Vnp)
ax_ﬁq)(f;xa’xﬁ):gﬁgﬁw(ﬂx‘“xﬁ):gﬁ pu(Vla)W,...,pa(Vm)W . (10)
V enac¢bah (9) in (10) lahko elemente v vektorju poenostavimo v obliko (Wisniewski, 2009a):
0, (%) = [ (5% e eos 2o (3] =[2eWia)ses 2 V)] =P (v, in (11)
T T
Py (5x,) =[ (3 %p) s 0y (£i5 %) | =[ 25 0ip)se sy V) | =y (v). (12)

Za nadaljevanje izpeljevanja resitve pretvorimo ¢lena p (v, ) in pB(vB) iz enacb (11) in (12) v diagonalno
matriko (Wiéniewski, 2009a, 2010):

diag{p, (v,)} = diag{p, (V4 )s-.., P, (V,,)} in (13)

diag {p, (v, )} = diag{ o, (ig)s.... 2 (V)] (14)
Dodatno velja $e (Wisniewski, 2009a, 2010):

T
P ia) 0P V) | _ 0P (v,) _ , (15)
|: avla T avna av(x gM“(v“)m

T
Pl Bl By 19

oV 0V, ov,

Mo~ O (¢ Ax,)=-A"in 17)
x, Ox,
ov .
_ﬁ:i(f_Axﬁ):_Al_ (18)
axﬁ 8’(13

Gradienta ga()}a, :Acﬁ) in gﬁ(;(a, ;‘;5) v enacbah (7) in (8) izrazimo z upostevanjem enacb (13)—(18) (Wisni-
ewski, 2009a, 2009b, 2010):

0 . .
ga(Xa,XB)Zax—(a(f; xa,xﬁ)z—Aleag{pB(vﬁ)}gMa(va)m (19)
0 T
gB<xa’XB):ax_¢(f;xa’xB):_A dlag{pa(va)}gMB(vB). (20)
B
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Ker obravnavamo tako imenovano kvadratne metode M. i 1€ enacbi (11) in (12) treba ustrezno preobli-
kovati (Wisniewski, 2009b, 2010):

P fsx)=p,v,)=vi, — diag{p,(v,)} =diag{vy,,....v},} =wy(v,)in (1)
Py (f3x) = py(vig) =vy — diag{p,(vy)} = diag{vyj,....v5 } = w,(vy), (22)
81 (V) =2[Vigse o, ] =2v, in (23)
gMB(vB)=2[vlﬁ,...,vnB]T =2v,. (24)

Na podlagi izpeljav v enacbah (21)-(24) napiSemo gradienta g (x , xﬁ) in gB(xa, XB) v konéni obliki
(Widniewski, 2009a, 2009b, 2010):

g, (x,,x,) = —A"diag{p,(v;)} g, (v,) = 24w, (v)v, in (25)

g;(x,.x;) =—A"diag{p,(v,)} g5 (vs) = 24w, (v, )v,. (26)
Newtonova metoda je ena izmed iterativnih metod, s katerimi i§¢emo priblizek nicle realne funkcije. Newton
je metodo reSevanja nelinearne enacbe razvil iz sekantne metode in metode kon¢nih razlik. Raphson jo je nato
poenostavil in zapisal v obliki, kakr$no poznamo danes, zato jo v nekaterih virih zasledimo tudi kot Newton-Raph-
sonovo metodo. Simpson je algoritem nekaj let kasneje prilagodil za resevanje sistema nelinearnih enacb (Mo¢nik,
2022). Cilj metode je iz zatetnega priblizka z iteracijskim postopkom izra¢unati zaporedje priblizkov, ki imajo za
limito ni¢lo funkcije. Pri tem se je treba zavedati, da je izbira zacetnega priblizka klju¢na, saj bo metoda ob slabem
zacetnem priblizku divergirala. V' primeru dobrega priblizka bo konvergirala k neki nicli, pri ¢emer nimamo
nadzora, h kateri ni¢li metoda konvergira. Newtonovo metodo lahko iterativno zapisemo kot (Mo¢nik, 2022):

Xjy =X — f(xj),jZO,l,... (27)
f'(x/‘)

Metodo lahko izpeljemo tudi analiti¢no. Funkcijo frazvijemo v Taylorjevo vrsto okoli priblizka x:

2 1 " 2
Fla,+h)=f(x)+f (x].)/]+zf (x,)0" +... (28)
Ko preidemo iz funkcije ene spremenljivke v funkcijo ve¢ spremenljivk, linearni del Taylorjeve vrste

zapi$emo v obliki

Fle+0)= £ (x)+3(x,) @9)
kjer sta x,in h vektorja dimenzije 7 x 1, in J pa Jacobijeva matrika preslikave /- Newtonova metoda za

ve¢dimenzionalni primer ima torej predpis

w=x -1 (%) £(x))- (30)
Jacobijeva matrika je matrika, sestavljena iz parcialnih odvodov prvega reda. Za reitev problema potre-

bujemo Hessejevo matriko, ki je kvadratna matrika, sestavljena iz parcialnih odvodov drugega reda. Velja,
da je Jacobijeva matrika gradienta funkcije f; ozna¢imo jo z Vf; enaka Hessejevi matriki. To zapisemo kot:

H(x) = J(V/). (31)
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Pri kvadratni metodi M _, , Jacobijevo matriko predstavlja gradient funkcij (7) in (8). Hessejevo matriko

split® D0
tako dobimo ob dvakratnem odvajanju funkcije (6) oziroma odvajanju gradienta funkcij (7) in (8). Pri E -
tem velja (Wisniewski, 2009a, 2009b, 2010): z
HG(XQ’XB):auxT¢(f;xu’xﬁ):a_Tga(Xﬁ’XB)ln (32) Qf
i 0 (33 =
H,(x,,x;) =——=¢f;x,,x;) = —=g, (x,,X;). —
A Ta> P a’ P pATa> P =
s o] s
Iz enacb (19) in (20) sledi (Wisniewski, 2009a, 2009b, 2010): ;T
9 5 ov =
T8 (k%) = —ATdiag{pﬁ(vB)}ggv“—(Tva)ax—; in G4
0 T, agMB (VB) avﬁ
— 83 (x,,x5) =—-A dlag{pa(va)}——, (35)
Oxg vy oxg
kjer je:
0
ggi—,(r"a) -H, (v,)in (36)
g (vy) =
———=H,,(v,), 37) =
MBI B
vy
ov, 0 .
6XT = aXT (f_AX(X)=_A m (38)
ov 0
B
= f - AX = _A. (39)
Glede na enacbe (32)—(39) preoblikujemo Hessejevo matriko v (Wisniewski, 2009a, 2009b):
- O ov o
H, (x,.x,) - —Aldiag{%("ﬁ)}ggva—wax_? = A"diag{p, (v} H,, (v, )A in (40)
0 ov
H, (x,,x,) = ~A"diag {p, (v, )}gL,(rvﬁ)—f, — A diag{p, (v,,)} H,,(v;)A. (41)
avﬁ axﬁ
Iz enacb (23) in (24) lahko ugotovimo, da velja (Wisniewski, 2009a, 2009b):
0g,(v,) 0(2v,) .
H, (v,)= g]gvg = o =2lin (42)
0gup(vy)  0(2vy)
H,,(v,)= o = o =2I, (43)
kjer je I enotska matrika.
Hessejevo matriko v kon¢ni obliki zapiSemo (Wisniewski, 2009a, 2009b, 2010):
H,(x,.x4) = ATdiag{pl3 (vg )}HMa (v,)A = 2ATwOL (vg)A=H, (x;)in (44)
H(x,,x4) = ATdiag{pOL (v, )} H,,;(v)A = 2ATwﬁ (vo)A =H(x,). (45)
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Na podlagi do sedaj predstavljenih enacb in izpeljav ter upostevaje enatbo (30) preidemo do konéne
reSitve kvadratne metode M, oziroma do iterativnega postopka racunanja refitve (Wisniewski, 2009a,
2009b, 2010; Wyszkowska in Duchnowski, 2020):

xéz 0': +Ax’,]—l Lkin (46)
xé =XB +Ax] sj=Lo ok (47)
kjer je:

k ... stevilo iteracij,
-1
j 1 i—1 i—1
Axi:—{Hu(xfx ,x[5 )} gu(xé ,xé )

=—{H. (" )} s ()

{A dlag v/ 1)} H,, (véf1 )A}i1 ATdiag{pB (vf;l )} -39 (vf{l) (48)
{ATW } 1 Alw, (v{;1 )ZVf;I
{ / 1 } ATw ( é—l)vi—l,
w, (vi)= diag{(vlfﬁ’ Vol (49)
—f-Ax/in (50)

Axé :_{HB (xé,x{;l)} g (xm,xl’3 1)

= {H, (x )}_1 & (xixj )

= {A"diag{p, (v ) H ( ) 1 A"diag{p, (v1)} gap (v4 ") (51)
{ATWB } w 2v’ !
{ATWB } ATwﬁ (v )v[]3 "
wy (v1) = diag{ (v, ) oo (VL)' . (52)
v =f—Ax]. (53)

Kvadratna metoda M, je iterativen postopek reSevanja optimizacijskega problema. Za zacetne vrednosti
izratuna prametrov x in v? izberemo rezultate, izracunane po metodi najmanjsih kvadratov (MNK):

%o =(ATA)T ATE, (54)
Vi = — ATXMNK (55)

V zadetnem koraku torej privzamemo (Wisniewski, 2009b, 2010)

X) =X i0 (56)
0 A
Vo = Vunko 57)
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in izratunamo

xf = %y + AW, () A} A W, (90 )F in 58) =
vg =f- Axg ) (59) Df
kjer je: ;
W (Vi) = diag{‘jleNK"‘”‘;sMNK}' (60) i
Vse nadaljnje korake iteracije nato racunamo po ena¢bah (46) oziroma (47). Ob predpostavki konvergence =

smo za kriterij ustavitve iteracijskega postopka izbrali normi vektorjev popravkov pribliznih koordinat

L

(Wyszkowska in Duchnowski, 2020): g
Il < ein a0
|axg]| < , (62)

kjer je € izbrana meja za koncanje iteracijskega postopka.

;(i and ;;é, ki ju dobimo v zadniji iteraciji 4, sta torej konéna rezultata kvadratne metode M i Na koncu

lahko izra¢unamo premik posamezne tocke v obravnavani geodetski mrezi kot: =
p=(%;—%!). (63)

Tezava tovrstnega postopka v primerjavi z vsemi drugimi zgoraj nastetimi postopki deformacijske

analize je, da ne vkljucuje statisticnega testa, na podlagi katerega bi lahko ugotovili, ali je premik

statisti¢no znacilen ali ne. Rezultat postopka je le velikost premika, interpretacija rezultata pa je na
strani geodeta.

3 RACUNSKI PRIMER

Uporabnost kvadratne metode M, zelimo prikazati na primeru iz literature (Mihailovi¢ in Aleksi¢, 1994).

Simulirana geodetska mreza na sliki 1 je sestavljena iz 7 tock ter merjenih 24 horizontalnih smeri in 24

dolzin. Za vrednost a-priori variance za smeri izberemo o, = 1", za vrednost a-priori variance za dolzine

pa 0,=5 mm. Za obe terminski izmeri o (1. izmera) in 3 (2. izmera) je oblika mreze enaka. Isti primer

relativne geodetske mreze je bil obdelan tudi z drugimi postopki deformacijske analize:

— Hannover (postopek je razvil H. Pelzer — Pelzer, 1971; Ambrozi¢, 2001),

— Karlsruhe (postopek so razvili K. R. Koch, B. Heck, E. Kuntz in B. Meier-Hirmer — Heck, Kuntz
in Meier-Hirmer, 1977; Ambrozic, 2004),

— Delft (postopek sta razvila J. van Mierlo in J. J. Kok — Heck et al., 1982; Marjeti¢, Zemljak in
Ambrozi¢, 2013),

— Fredericton (postopek so razvili A. Chrzanowski, Y.-Q. Chen in J. M Secord — Chen, Chrzanowski
in Secord, 1990; Vrecko in Ambrozi¢, 2013),

— Miinchen (postopek je razvil W. Welsch — Welsch, 1982; Soldo in Ambrozi¢, 2018),

— robustne metode (postopek iterativnega prilagajanja utezi je predstavil Y.-Q. Chen — Chen, 1983;
Ambrozi¢ et al., 2019),

an Pleterski, Tomaz Ambrozic, Admir Mulahusi¢, Nedim Tuno, arjeic, Klemen Kregar | Kvadratna metoda
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— deformacijska analiza po postopku Caspary (postopek je razvil W. E Caspary — Caspary, 2000;
Hamza, Stopar in Ambrozi¢, 2020).

3
2500 [ 4
2000 [
3

g 6
* 1500 -

1000 1 2

500 1 1 1 1 1 J
500 1000 1500 2000 2500 3000

y [m]
Slika 1:  Skica mreze.

Glede na izpeljane enacbe kvadratne metode M, v 2. poglavju so vhodni podatki za izracun matrika

koeficientov enacb popravkov A in vektor odstopanj f, glej enacbo (2).

Ker obravnavamo dve terenski izmeri, morata matrika A in vektor f vsebovati elemente, ki se nanasajo
na primer na smeri in nato dolZine prve terminske izmere, potem pa $e elemente, ki se nanasajo na smeri
in nato dolzine druge terminske izmere. Elemente matrike A in vektorja f za merjeno smer izra¢unamo
na primer po ena¢bah 7.51 in 7.52 (Mihailovi¢, 1981, str. 313):

vri = dﬂ xr + bﬂ' —yr + ﬂir xi + bir—yi + zr +f;i’ (64)
sinz CoS72,
— i _ 7i _ _ . .
a,=— KR b, = o a,=-a,,b, =—b,...clementi matrike A,
ri ri

X,¥,x,7 inz ... popravki pribliznih vrednosti koordinatnih neznank tock 7 in 7 ter popravek orien-
S R r

tacijskega kota na tocki ,
f,=n,+2z—a_... odstopanje,

n . ... priblizni smerni kot od tocke 7 proti 4,
2) ... priblizni orientacijski kot na tocki 7,

o, ... merjena smer od tocke 7 proti 4,

i

§Y ... priblizna dolZina med tocko 7 in 7, izratunana iz pribliznih koordinat tock 7 in .
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Elemente matrike A in vekrtorja f za merjeno dolzino, izratunamo po enacbah 8.37 (Mihailovi¢, 1981,
str. 408):

v, = 4,%, + bri—yr + 4, % + bir-yi +fr‘i’ (65)
a =cosn,b.=sinn,a =—a,b =—b. ... clementi matrike A,
r e r re w re wr re
_ Qo _ .
f,=8%=S ... odstopanje,

S ... merjena dolzina med tocko 7 in i.

i

Seveda moramo elemente, ki se nanasajo na orientacijske neznanke, eliminirati iz sistema (2), na primer
z Gaufovo eliminacijo. Ker imamo v 2D geodetskih mrezah opraviti z razli¢nimi vrstami meritev (smeri
in dolzine), ki so v splo§nem razli¢ne natannosti, moramo v enacbah kvadratne metode M, upoStevati
utezi (Zienkiewicz, Hejbudzka in Dumalski, 2017; Zienkiewicz in Baryla, 2015) ali uporabiti ekviva-
lentne enacbe (2) oziroma homogenizirati matriko koeficientov ena¢b popravkov A in vektor odstopanj

f, na primer z uporabo tretjega Schreiberjevega pravila.

Popravke pribliznih vrednosti koordinatnih neznank x° v zacetni iteraciji postopka izratuna parametrov

X in X, kvadratne metode M, izratunamo z metodo najmanjsih kvadratov x,,  po enacbi (56) in jih
o B split NK

podajamo v preglednici 1. Opozarjamo, da te vrednosti niso enake navedenim v preglednici 2 v Ambrozi¢

(2001), saj pravkar izra¢unane vrednosti dobimo iz izravnave obeh terminskih izmer hkrati, vrednosti,

navedene v preglednici 2 v Ambrozi¢ (2001), pa smo dobili z izravnavo vsake terminske izmere posebej.

Po enacbi (58) izra¢unamo $e popravke pribliznih vrednosti koordinatnih neznank xg, ki jih podajamo

v preglednici 1.

Preglednica 1:  Popravki pribliznih vrednosti koordinatnih neznank x’ in xg [m] v zacetni iteraciji

_— X = AMNK po (56) xg po (58)

X zay, x) za x, xg zay, xg za x,
1 -0,0083 -0,0216 -0,0182 -0,0417
2 -0,0142 0,0267 -0,0311 0,0553
3 0,0143 -0,0193 0,0305 -0,0379
4 -0,0004 0,0045 0,0012 0,0098
5 -0,0048 -0,0047 -0,0104 -0,0123
6 -0,0009 -0,0073 -0,0024 -0,0165
7 0,0143 0,0218 0,0304 0,0435

V zacetni iteraciji izracunamo popravke meritev v’ = v, , enacba (57), in vg =f— Ax% enacba (59).

Izratun prametrov x_ in iﬁ kvadratne metode M, nadaljujemo z iteracijskim postopkom po enacbah od
(46) do (53). Rezultate x; podajamo v preglednici 2, rezultate x/ pa v preglednici 3. Iteracijski postopek
konc¢amo, ko sta izpolnjena pogoja (59) in (60). Mejo za koncanje iteracijskega postopka izberemo

£=10,001. Pogoja za koncanje iteracijskega postopek sta bila izpolnjena po 8. iteraciji.
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Preglednica 2:  Popravki pribliznih vrednosti koordinatnih neznank x/ [mm]

Koordinata  x) = f(LSM x! X x x! x> x° x/ x3
7 -8,3 -3,7 -5,0 -5,0 -5,0 -4,9 -4,9 -4,9 -4,9
X, -21,6 -1,5 -0,3 0,0 0,3 0,7 1,0 1,0 1,0
7, -14,2 -0,2 0,1 0,1 -0,0 -0,1 -0,1 -0,1 -0,1
X, 26,7 2,1 23 2,4 2,6 27 2,7 2o 2ol
75 14,3 3,2 4,0 4,4 4,9 5,6 5,9 6,0 6,0
5% -19,3 -1,0 -1,0 -1,2 -1,5 -1,9 -2,1 -2,1 -2,1
52 -0,4 1,3 2,0 2,5 3,1 4,0 4,5 4,5 4,5
7, 4,5 2,9 2,5 2,4 2,1 1,8 1,7 1,7 1,7
5 -4,8 1,2 -0,2 -1,3 -2,5 -4,4 -5,6 -5,8 -5,8
X -4,7 -0,2 -0,8 -1,0 -1,1 -1,5 -1,9 -2,0 -2,0
Js -0,9 -3,3 -2,3 -2,2 -2,2 -2,0 -1,9 -1,8 -1,8
X, -7,3 -2,9 -3,4 -3,4 -3,4 -3,3 -3,0 -2,9 -2,9
¥, 14,3 1,4 1,5 1,6 1,6 1,8 2,0 2,1 2,1
x, 21,8 0,5 0,6 0,8 1,1 1,4 1,6 1,6 1,6

Preglednica 3:  Popravki pribliznih vrednosti koordinatnih neznank xé' [mm]

Koordinata xg xé xﬁ xg xg XE xg xg xE
ia -18,2 -13,3 -13,1 -13,2 -13,2 -13,3 -13,3 -13,3 -13,3
X, 41,7 41,2 41,7 -41,9 -42,3 -42,6 -42,7 -42,7 -42,7
7, -31,1 -31,3 -30,9 -30,9 -30,8 -30,8 -30,8 -30,8 -30,8
X, 55,3 53,2 52,8 52,7 52,6 52,5 52,6 52,6 52,6
BA 30,5 26,9 26,3 25,9 25,3 24,8 24,8 24,8 24,8
x, -37.9 -36,9 -36,6 -36,4 -36,0 -35,7 -35,7 -35,7 -35,7
Y4 1,2 -1,2 -1,8 -2,4 -3,1 -3,8 -3,9 -3,9 -39
5%, 9,8 6,8 7,1 7,3 7,6 7,7 7,8 7,7 7,7
Js -10,4 -10,2 -9,7 -8,7 -7,1 -5,5 -5,1 -5,0 -5,0
EA -12,3 -11,6 -12,0 -11,9 -11,6 -11,2 -10,9 -10,9 -10,9
Js -2,4 0,3 0,3 0,3 0,2 -0,0 -0,1 -0,1 -0,1
X -16,5 -13,2 -12,1 -11,9 -12,1 -12,4 -12,7 -12,7 -12,7
¥, 30,4 28,8 28,9 28,9 28,8 28,5 28,4 28,4 28,4
5 43,5 42,9 42,5 42,2 41,9 41,7 41,7 41,7 41,7

Iz preglednic 2 in 3 vidimo, da so se popravki pribliznih vrednosti koordinatnih neznank najbolj spre-
menile v 1. iteraciji. Gradienti za posamezne koordinate so se torej najbolj spremenili v 1. iteraciji in so
se blizali vrednosti ni¢ v osmi iteraciji. To¢no ni¢ niso dosegli zaradi pogojev (61) in (62). Spremembe
popravkov pribliznih vrednosti koordinatnih neznank nazorno prikazujemo $e na sliki 2, kjer smo vred-

nostim ¥/ odsteli x® in vrednostim xfb odsteli xg.
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Slika 2: Spremembe popravkov pribliznih vrednosti koordinatnih neznank v iteracijah.

Na koncu izra¢unamo premik posamezne tocke v obravnavani 2D geodetski mrezi po enacbi (61),

rezultate prikazujemo v preglednici 4.

4 PRIMERJAVA Z REZULTATI DRUGIH POSTOPKOV

V preglednici 4 prikazujemo primerjavo rezultatov postopka kvadratne metode M_,_ in rezultatov postop-
split
kov Hannover, Karlsruhe, Delft, Fredericton, Miinchen in Caspary. V primerjavi z nastetimi postopki

opazimo manjse razlike v rezultatih izratunanih premikov, kar je pri¢akovano.
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Preglednica4: Simulirani premiki to¢k mreze in rezultati deformacijske analize po postopkih Hannover, Karlsruhe, Delft,

Fredericton, Minchen, Caspary in Kvadratne metode M

split

Tocka 1 2 3 4 5 6 7
g dy [mm] -20,0 -30,0 25,0 0,0 0,0 0,0 25,0
E A [mm] 34,6 52,0 -433 0,0 0,0 0,0 43,3
‘E d [mm] 40,0 60,0 50,0 0,0 0,0 0,0 50,0
e v [°] 210 330 150 - - - 30

d] [mm] -19,6 -38,7 20,6 -4,0 -6,4 3,3 23,6

§ dx [mm)] -38,0 49,0 -44,3 5,1 -7,1 -10,6 42,9

g A [mm] 428 62,4 48,9 6,5 10,0 11,1 49,0
es v [°] 207 322 155 322 222 163 29
Premik da da da ne ne ne da

dy [mm] -19,7 -38,8 20,6 - - - 23,6

P 4 [mm] -38,0 49,0 444 - - - 42,9

2 d [mm] 42,8 62,5 48,9 - - - 49,0
é v [°] 207 322 155 = — - 29
Premik da da da ne ne ne da

d] [mm] -19,4 -38,1 21,4 0,7 -0,8 0,0 24,0

- d, [mm] -37,5 49,5 -43,5 1,0 -2,3 1,3 42,9

g d [mm] 42,2 62,5 48,5 1,2 2,4 1,3 49,2
v [°] 207 322 154 35 199 0 29

Premik da da da ne ne ne da

dy [mm] -19,6 -38,7 20,6 - - - 23,6

5 d_[mm] -38,0 49,0 44,3 - - - 429

E: d [mm)] 42,8 62,5 48,9 - - - 48,9
= vl 207 322 155 - = - 29
Premik da da da ne ne ne da

d, [mm] -19,5 38,2 21,4 0,7 -0,8 0,0 24,0

g d, [mm] -37,6 49,5 -43,6 1,0 -2,2 1,4 429

g d [mm)] 42,4 62,5 48,6 1,2 2,3 1,4 49,2
= vl 207 322 154 35 200 0 29
Premik da da da ne ne ne da

dy [mm)] -19,2 -38,4 20,8 - — - 23,9

e Al -37.9 49,4 -43,9 ~ - - 43,1

%-' d [mm)] 42,5 62,5 48,6 - - - 49,2
< v [°] 207 322 154 - - - 9
Premik da da da ne ne ne da

dy [mm] -8,4 -30,8 18,8 -8,4 0,8 1,7 26,3

) d, [mm] -43,7 49,9 -33,5 6,0 -8,9 -9,8 40,1

; 4 [mm] 44,5 58,6 38,5 10,4 9,0 10,0 48,0
v [°] 191 328 151 306 175 170 33
Premik - - - - - - -
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V preglednici 4 smo uporabili take oznake kot v drugih ¢lankih, kjer smo obravnavali druge metode
deformacijske analize. Tako oznaka  pomeni p = (;:g - ;:é)y, enacba (63), torej razlika popravkov prib-
liznih vrednosti koordinatnih neznank za posamezno tocko, izraunanih v zadnji iteraciji 4, oznaka dx

pomeni p_ = (x; — x;) , oznaka 4 je premik posamezne tocke * =, J+ 1, oznaka v je smerni kot

premika posamezne tocke v = atan(dy / a’), oznaka Premik oznacuje, ali se je toc¢ka premaknila ali ne.

5 P
——Simulirano
2500 - —Msplit
Hannover
Karlsruhe
Delft
2000 - Fredericton
Munchen
Caspary
B 6
» 1500 -
Merilo premikov:
0 50 mm
500 1 1 L 1 1 1 J
500 1000 1500 2000 2500 3000 3500

y [m]

Slika 3: Izris premikov, izracunanih z razli¢nimi metodami deformacijske analize.

Iz preglednice 4 in slike 3 vidimo, da so razlike v polozajih to¢k od simuliranih vrednosti kar na $tirih
(od sedmih) tockah mreZe najvedje ravno pri tej metodi, kar nas navaja k sklepu, da je metoda zgolj
pogojno uporabna. Na tocki 3 doseze razlika polozaja po tej metodi celo najvedjo vrednost med vsemi
obravnavanimi metodami (11,5 mm). Po drugi strani pa smo s kvadratno metodo M. ol dobili popolnoma
enako razliko kot z drugimi metodami, da so se tocke 1, 2, 3 in 7 znatno premaknile, tocke 4, 5 in 6 pa

malenkostno, kar je za deformacijsko analizo pomembno.

5 ZAKLJUCEK

V tem prispevku opisujemo in razpravljamo o zmoznostih postopka kvadratne metode M, v 2D de-
formacijski analizi. V nasprotju s prej$njimi raziskavami, ki so se osredotocale na nivelmanske mreze,
se nafa Studija osredotoca na prakticno uporabo postopka kvadratne metode M, v kotno-dolzinskih

horizontalnih geodetskih mrezah, podprto s temeljitimi teoreti¢nimi in empiri¢nimi analizami.

Po izpeljavi in prikazu enacb, na katerih temelji postopek kvadratne metode M, smo izvedli izracun na
isti simulirani 2D geodetski mrezZi kot v deformacijski analizi po postopkih Hannover, Karlsruhe, Delft,
Fredericton, Miinchen in Caspary.

V postopku kvadratne metode M, smo najprej izbrali zacetne vrednosti x; iz izravnave meritev po

. . ey ~ .0 _2 . 0o_2 . . . . .
metodi najmanjsih kvadratov x,, ., torej x! =x, in v =v, .. Izkazalo se je, da bi lahko izbrali tudi
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20-krat vedje vrednosti (x) = 20 - )A(MNK) ali 1000-krat manjse vrednosti (x) = ;(MNK/IOOO) in bi vedno
dobili enak konéni rezultat (le Stevilo iteracij za izra¢un konéne resitve bi bilo druga¢no). Nato smo
izracunali x{ in vj po enacbah (58) in (59). Iteracijski postopek izratuna konénih vrednosti popravkov
pribliznih vrednosti koordinatnih neznank smo izvedli po enac¢bah od (46) do (53) ter dobili kon¢ni
8 razlikovale od x/ in x/ za manj od izbrane

p B
meje za koncanje iteracijskega postopka £=0,001. Na koncu smo izracunali premike posameznih tock

rezultat v 8. iteracijah. V tem koraku so se vrednosti x® in x

v obravnavani geodetski mreZi po enacbi (63) in rezultate primerjali z rezultati deformacijskih analiz
po postopkih Hannover, Karlsruhe, Delft, Fredericton, Miinchen, Caspary in s simuliranimi rezultati.

Iz preglednice 4 vidimo, da so premiki tock primerljivi s simuliranimi. Primerljivost rezultatov vidimo tudi
na sliki 3. Na podlagi izra¢unanih rezultatov lahko ugotovimo, da je deformacijska analiza po postopku
kvadratne metode M ol uporabna za doloditev premikov tock v 2D geodetski mrezi.

V primerjavi z drugimi nastetimi postopki ima kvadratna metoda M, pomanjkljivost, da nima testne
statistike, na podlagi katere bi lahko ugotovili, ali gre za statisti¢no znacilen premik ali ne. Prednosti
kvadratne metode M, pa so, da ne zahteva vnaprejinjih predpostavk glede tock mreZe, ali so pri miru ali
se premikajo. Vsekakor pa je kvadratna metoda M

i dodatna uporabna metoda deformacijske analize,

kar pride prav pri tezavnih primerih, ko so premiki tock v 2D mrezah majhni.

V prihodnosti bomo preverili delovanje metode pri ve¢ kot dveh terminskih izmerah. Prav tako namera-
vamo metodo preizkusiti na 3D geodetski mrezi, kjer se hkrati obravnavajo tudi podatki o viSinah tock.
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